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In this work we study the existence and uniqueness of pseudo-almost periodic solutions
for a first-order abstract functional differential equation with a linear part dominated by a
Hille–Yosida type operator with a non-dense domain.
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1. Introduction
The study of the existence of almost periodic, asymptotically almost periodic, almost automorphic, asymptotically
almost automorphic, and pseudo-almost periodic solutions is one of the most attractive topics in the qualitative theory
of differential equations due both to its mathematical interest and to the applications in physics, mathematical biology,
and control theory, among other areas. Most of these problems need to be studied in abstract spaces and the operators are
defined over non-dense domains. In this context the literature is very scarce (see [1–3], and the bibliography therein).
In this work, we study the existence and uniqueness of pseudo-almost periodic solutions for a class of abstract functional
differential equations described in the form
x′(t) = Ax(t)+ f (t, xt), t ∈ R, (1.1)
where A is an unbounded linear operator, assumed to be Hille–Yosida (see Definition 2.1), of negative type, having the
domain D(A), not necessarily dense, on some Banach space X; the history function xt belongs C([−p, 0]; X)which is defined
by xt(θ) = x(t + θ),−p ≤ θ ≤ 0, p > 0 is a given positive real number, C([−p, 0]; X) is the space of continuous functions
from [−p, 0] to X endowed with the uniform convergence topology and f (·) is an appropriate function.
Some recent contributions concerning pseudo-almost periodic solutions for abstract differential equations similar to
(1.1) have been made; for example in [2] the authors have shown that if the inhomogeneous term f depends only on
variable t and it is a p.a.p. function, then the problem (1.1) has a unique p.a.p. solution. In [3] the authors have proven
that if f : R × X0 → X is a suitable continuous function, where X0 = D(A), the problem x′(t) = Ax(t) + f (t, x(t)), t ∈ R,
has a unique p.a.p. solution, while in [1] the authors have treated the existence of almost periodic solutions for a class of
partial neutral functional differential equations defined by a linear operator of Hille–Yosida type with non-dense domain.
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We mention that the present work is strongly related to the concepts and results in [4]. In the aforementioned work the
concept of pseudo-almost periodic functions of class p is introduced, different composition results for this class of functions
are established and the existence of such solutions for some semi-linear abstract neutral differential systems is studied.
To the best of our knowledge, the pseudo-almost periodic solutions for delayed abstract differential equations with a
linear part dominated by a Hille–Yosida type operator constitute an untreated topic and this fact is the main motivation
for this work. We remark that there exist a great variety of abstract semi-linear differential equations with a linear part
dominated by a non-densely defined operator. Being non-dense arises, for example, from restrictions made on the space
where the equation is considered (e.g., periodic continuous functions, Hölder continuous functions) and from boundary
conditions (e.g., the set of continuous function with null value on the boundary is non-dense in the space of continuous
functions).
To illustrate our main result Theorem 3.4, we will examine sufficient conditions for the existence and uniqueness of
pseudo-almost periodic solutions to the partial differential equation
∂u(t, ξ)
∂t
= ∂
2u(t, ξ)
∂ξ 2
− u(t, ξ)+ a(t)F(u(t − p, ξ))+ c(t)
∫ 0
−p
b(s)G(u(t + s, ξ))ds, (1.2)
where t ∈ R, ξ ∈ [0, pi], p > 0, and a(·), b(·), c(·), F(·),G(·) are functions satisfying some additional assumptions. We
begin the work with some preliminary facts on extrapolation theory and pseudo-almost periodic functions of class p.
2. Preliminaries
Let (Z, ‖ · ‖Z ), (W , ‖ · ‖W ) be Banach spaces. The notation L(Z : W ) stands for the space of bounded linear operators
from Z intoW endowed with the uniform operator topology, and we abbreviate to L(Z) whenever Z = W . Additionally,
C(R; Z) and BC(Y ; Z) stand for the collection of all continuous functions from R into Z and the Banach space of all bounded
continuous functions fromR into Z endowedwith the uniform convergence topology. Definitions similar to the above apply
for both C(R× Z;W ) and BC(R× Z;W ). We recall some basic properties of extrapolation spaces for Hille–Yosida operators
which are a natural tool in our setting. The abstract extrapolation spaces have been used for various purposes, for example
to study Volterra integro-differential equations and retarded differential equations (see [7,8]).
Definition 2.1. Let X be a Banach space and A be a linear operator with domain D(A). One says that (A,D(A)) is a
Hille–Yosida operator on X if there exist ω ∈ R and a positive constant M ≥ 1 such that (ω,∞) ⊂ ρ(A) and
sup
{
(λ− ω)n‖(λ− A)−n‖ : n ∈ N, λ > ω} ≤ M. The infimum of such an ω is called the type of A. If the constant ω can be
chosen smaller than zero, A is called of negative type.
Let (A,D(A)) be a Hille–Yosida operator on X and X0 = D(A), D(A0) = {x ∈ D(A) : Ax ∈ X0} and A0 : D(A0) ⊂ X0 → X0
be the operator defined by A0x = Ax. The following result is well known.
Lemma 2.1 ([5]). The operator A0 is the infinitesimal generator of a C0-semigroup (T0(t))t≥0 on X0 with ‖T0(t)‖ ≤ Meωt for
t ≥ 0. Moreover, ρ(A) ⊂ ρ(A0) and R(λ, A0) = R(λ, A)|X0 , for λ ∈ ρ(A).
For the rest of workwe assume that (A,D(A)) is a Hille–Yosida operator of negative type on X . This implies that 0 ∈ ρ(A),
i.e. A−1 ∈ L(X). We note that the expression ‖x‖−1 = ‖A−10 x‖ defines a norm on X0. The completion of (X0, ‖·‖−1), denoted
by X−1, is called the extrapolation space of X0 associated with A0. We note that X is an intermediary space between X0 and
X−1 and that X0 ↪→ X ↪→ X−1 (see [8]). Since A−10 T0(t) = T0(t)A−10 , we have that ‖T0(t)x‖−1 ≤ ‖T0(t)‖L(X0)‖x‖−1 which
implies that T0(t) has a unique bounded linear extension T−1(t) to X−1. The operator family (T−1(t))t≥0 is a C0-semigroup
on X−1, called the extrapolated semigroup of (T0(t))t≥0. In the sequel, (A−1,D(A−1)) is the generator of (T−1(t))t≥0.
Lemma 2.2 ([8]). Under the previous conditions, the following properties are verified.
(i) D(A−1) = X0 and ‖T−1(t)‖L(X−1) = ‖T0(t)‖L(X0) for every t ≥ 0.
(ii) The operator A−1 : X0 → X−1 is the unique continuous extension of A0 : D(A0) ⊂ (X0, ‖ · ‖)→ (X−1, ‖ · ‖−1) and λ−A−1
is an isometry from (X0, ‖ · ‖) into (X−1, ‖ · ‖−1).
(iii) If λ ∈ ρ(A0), then (λ− A−1)−1 exists and (λ− A−1)−1 ∈ L(X−1). In particular, λ ∈ ρ(A−1) and R(λ, A−1)|X0 = R(λ, A0).
(iv) The space X0 = D(A) is dense in (X−1, ‖ · ‖−1). Thus, the extrapolation space X−1 is also the completion of (X, ‖ · ‖−1)
and X ↪→ X−1. Moreover, A−1 is an extension of A to X−1. In particular, if λ ∈ ρ(A), then R(λ, A−1)|X = R(λ, A) and
R(λ, A−1)X = D(A).
Lemma 2.3 ([2]). Let f ∈ BC(R; X). Then the following properties are valid.
(i) T−1 ∗ f (t) =
∫ t
−∞ T−1(t − s)f (s)ds ∈ X0, for every t ∈ R.
(ii) ‖T−1 ∗ f (t)‖ ≤ Cewt
∫ t
−∞ e
−ws‖f (s)‖ds where C > 0 is independent of t and f .
(iii) The linear operator Γ : BC(R, X)→ BC(R, X0) defined by Γ (f )(t) = T−1 ∗ f (t) is continuous.
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(iv) limt→0 ‖T−1 ∗ f (t)−
∫ 0
−∞ T−1(−s)f (s)ds‖ = 0, for every t ∈ R.
(v) x(t) = T−1 ∗ f (t) is the unique bounded mild solution in X0 of x′(t) = Ax(t)+ f (t), t ∈ R.
Next, we review some facts concerning almost periodic functions.
Definition 2.2. A function f ∈ C(R, Z) is almost periodic (a.p.) if for each ε > 0 there exists a relatively dense subset of R,
denoted byH(ε, f , Z), such that ‖f (t + τ)− f (t)‖Z < ε for all (t, τ ) ∈ R×H(ε, f , Z). The collection of such functions will
be denoted by AP(Z).
Definition 2.3. A function F ∈ C(R × Z,W ) is almost periodic in t ∈ R uniformly in z ∈ Z if for each ε > 0 and for all
compact K ⊂ Z there exists a relatively dense subset of R, denoted byH(ε, F , K), such that ‖F(t + τ , z) − F(t, z)‖W < ε
for all t ∈ R, z ∈ K , and τ ∈ H(ε, F , K). The collection of such functions will be denoted by AP(Z,W ).
The notation PAP0(Z) stands for the space of functions
PAP0(Z) =
{
u ∈ BC(R, Z) : lim
r→∞
1
2r
∫ r
−r
‖u(t)‖Zdt = 0
}
.
To study delayed differential equations for which the history belongs to C([−p, 0]; X), we need to introduce the space
PAP0(Z, p) :=
{
u ∈ BC(R, Z) : lim
r→∞
1
2r
∫ r
−r
(
sup
θ∈[t−p,t]
‖u(θ)‖Z
)
dt = 0
}
.
In addition to the above-mentioned spaces, we consider the following function spaces:
PAP0(Z,W ) =
{
u ∈ BC(R× Z,W ) : lim
r→∞
1
2r
∫ r
−r
‖u(t, z)‖Wdt = 0
}
,
PAP0(Z,W , p) :=
{
u ∈ BC(R× Z,W ) : lim
r→∞
1
2r
∫ r
−r
(
sup
θ∈[t−p,t]
‖u(θ, z)‖W
)
dt = 0
}
,
where in both cases the limit (as r 7→ ∞) is uniform in a compact subset of Z .
In view of the previous definitions, it is clear that the spaces PAP0(Z, p) and PAP0(Z,W , p) are continuously embedded
in PAP0(Z) and PAP0(Z,W ), respectively. Furthermore, it is not hard to see that PAP0(Z, p) and PAP0(W , Z, p) are closed in
PAP0(Z) and PAP0(W , Z), respectively. We note that the spaces PAP0(W , Z, p) and PAP0(Z, p) endowed with the uniform
convergence topology are Banach spaces.
Definition 2.4. A function f ∈ BC(R, Z) is called pseudo-almost periodic (p.a.p.) if f = g + ϕ, where g ∈ AP(Z) and
ϕ ∈ PAP0(Z). The set of such functions will be denoted by PAP(Z).
Definition 2.5. A function F ∈ BC(R × Z,W ) is called uniformly pseudo-almost periodic (u.p.a.p.) if F = G + Φ , where
G ∈ AP(Z,W ) andΦ ∈ PAP0(Z,W ). The class of such functions will be denoted by PAP(Z,W ).
Now we consider some concepts of pseudo-almost periodic functions introduced in [4].
Definition 2.6. A function F ∈ BC(R, Z) is called pseudo-almost periodic of class p (p.a.p.p.) if F = G+ ϕ, where G ∈ AP(Z)
and ϕ ∈ PAP0(Z, p). The class of such functions will be denoted by PAP(Z, p).
Definition 2.7. A function F ∈ BC(R× Z,W ) is called uniformly pseudo-almost periodic of class p (u.p.a.p.p.) if F = G+ϕ,
where G ∈ AP(Z,W ) and ϕ ∈ PAP0(Z,W , p). The class of such functions will be denoted by PAP(Z,W , p).
3. Existence results
To prove our results, we need some preliminary results concerning the composition of pseudo-almost periodic functions
of class pwhich have been established recently in [4].
Theorem 3.1 ([4]). Let F ∈ PAP(Z,W , p) and let h ∈ PAP(Z, p). Assume that there exists a continuous function LF : R 7→
[0,∞) satisfying
‖F(t, z1)− F(t, z2)‖W ≤ LF (t) ‖z1 − z2‖Z , ∀t ∈ R, ∀z1, z2 ∈ Z . (3.1)
If
lim sup
r→∞
1
2r
∫ r
−r
(
sup
θ∈[t−p,t]
LF (θ)
)
dt <∞ and lim
r→∞
1
2r
∫ r
−r
(
sup
θ∈[t−p,t]
LF (θ)
)
ξ(t)dt = 0, (3.2)
for each ξ ∈ PAP0(R), then the function t 7→ F(t, h(t)) belongs to PAP(W , p).
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Theorem 3.2 ([4]). If u ∈ PAP(Z, p), then t → ut belongs to PAP(C([−p, 0], Z), p).
We need the following result.
Theorem 3.3. Let u ∈ PAP(X, p) and Γ u be the function defined by Γ u(t) := ∫ t−∞ T−1(t − s)u(s)ds, for t ∈ R. Then
Γ u ∈ PAP(X0, p).
Proof. It is clear that Γ u ∈ BC(R, X0). If u = h + g where h ∈ AP(X) and g ∈ PAP0(X, p), then the set of functions
{hτ : τ ∈ R}, hτ (t) = h(t + τ), is pre-compact in BC(R; X) which implies that {(Γ h)τ : τ ∈ R} is relatively compact in
BC(R; X0) since Γ is continuous from BC(R; X) into BC(R; X0). Thus, Γ h ∈ AP(X0). To complete the proof, we will show
that Γ g ∈ PAP0(X, p). We may show the following estimate:
sup
θ∈[t−p,t]
‖Γ g(θ)‖X0 ≤ Cew(t−p)
∫ t
−∞
e−ws‖g(s)‖Xds,
where C > 0 is the constant in Lemma 2.3. On the other hand, for r > 0 we see that∫ r
−r
ewt
∫ t
−∞
e−ws‖g(s)‖Xdsdt ≤ 1
w
∫ r
−∞
ew(r−s)‖g(s)‖Xds+ 1−w
∫ −r
−∞
e−w(r+s)‖g(s)‖Xds+ 1−w
∫ r
−r
‖g(s)‖Xds
≤ 1−w
∫ −r
−∞
e−w(r+s)‖g(s)‖Xds+ 1−w
∫ r
−r
‖g(s)‖Xds.
The preceding estimates imply that
1
2r
∫ r
−r
sup
θ∈[t−p,t]
‖Γ g(θ)‖X0dt ≤
Ce−wp‖g‖∞
2rw2
+ Ce
−wp
−2rw
∫ r
−r
sup
θ∈[t−p,t]
‖g(θ)‖Xdt.
The proof is now completed. 
Now, we can establish our main result.
Theorem 3.4. Assume that f : R × C([−p, 0]; X0) → X is uniformly pseudo-almost periodic of class p and that there exists a
continuous function Lf : R→ [0,∞) such that conditions (3.2) and
‖f (t, ψ1)− f (t, ψ2)‖ ≤ Lf (t)‖ψ1 − ψ2‖∞, t ∈ R, ψi ∈ C([−p, 0]; X0)
hold. If C supt∈R
∫ t
−∞ e
w(t−s)Lf (s)ds < 1, where C > 0 is the constant in Lemma 2.3, then (1.1) has a unique pseudo-almost
periodic (of class p) solution which is given by
y(t) =
∫ t
−∞
T−1(t − s)f (s, ys)ds, t ∈ R.
Proof. Let u be a function in PAP(X0, p); from Theorem 3.2 the function t → ut belongs to PAP(C([−p, 0], X0), p). Hence
Theorem 3.1 implies that the function g(·) := f (·, u·) is in PAP(X, p). From Lemma 2.3 and taking into account Theorem 3.3,
the equation x′(t) = Ax(t)+ g(t), t ∈ R, has a unique solution x in PAP(X0, p), which is given by
x(t) = Γ u(t) :=
∫ t
−∞
T−1(t − s)f (s, us)ds, t ∈ R.
It suffices now to show that the operator Γ has a unique fixed point in PAP(X0, p). For this, let u and v be in PAP(X0, p); we
can infer that
‖Γ u(t)− Γ v(t)‖X0 ≤
(
C sup
t∈R
∫ t
−∞
ew(t−s)Lf (s)ds
)
‖u− v‖∞.
This completes the proof of the theorem. 
3.1. Application
In this sectionwe consider a simple application of our abstract results.We study the existence and uniqueness of pseudo-
almost periodic solutions for the following partial differential equation:
∂u(t, ξ)
∂t
= ∂
2u(t, ξ)
∂ξ 2
− u(t, ξ)+ a(t)F(u(t − p, ξ))+ c(t)
∫ 0
−p
b(s)G(u(t + s, ξ))ds, (3.3)
where a(·), b(·), c(·), F(·),G(·) are continuous functions fromR intoR and p > 0. To treat this system, we choose the space
X := C([0, pi];R) and the operator Ax = x′′ − x with domain D(A) = {x ∈ X; x(0) = x(pi) = 0, x′′ ∈ X }. It is well known
that A is a Hille–Yosida operator of type−1 with non-dense domain (see [6]).
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Defining f : R × C([−p, 0]; X) → X by f (t, ψ)(ξ) = a(t)F(ψ(−p)(ξ)) + c(t) ∫ 0−p b(s)G(ψ(s)(ξ))ds, it is clear that
system (3.3) can be rewritten as an abstract system of the form (1.1). The next result is a consequence of Theorem 3.4.
Proposition 3.1. Assume a ∈ AP(R), G ∈ BC(R;R), c ∈ PAP0(R, p) and that there are positive constants LF , LG such that
|F(x)− F(y)| ≤ LF |x− y|, y, x ∈ R,
|G(x)− G(y)| ≤ LG|x− y|, y, x ∈ R.
If C( sups∈R |a(s)|LF + sups∈R |c(s)|LG
∫ 0
−p |b(s)|ds ) < 1, where C is the constant in Lemma 2.3, then there exists a unique
pseudo-almost periodic (of class p) solution for (3.3).
Acknowledgements
The authors would like to thank the referees for many useful comments and suggestions.
The first author is partially supported by CNPQ/Brazil.
References
[1] M. Adimy, A. Elazzouzi, K. Ezzimbi, Bohr–Neugebauer type theorem for some partial neutral functional differential equations, Nonlinear Anal. 66 (5)
(2007) 1145–1160.
[2] B. Amir, L. Maniar, Composition of pseudo-almost periodic functions and Cauchy problemswith operator of non dense domain, Ann.Math. Blaise Pascal
6 (1) (1999) 1–11.
[3] C. Cuevas, M. Pinto, Existence and uniqueness of pseudo almost periodic solutions of semilinear Cauchy problems with non dense domain, Nonlinear
Anal. 45 (1) (2001) 73–83.
[4] T. Diagana, E. Hernández, Existence and uniqueness of pseudo almost periodic solutions to some abstract partial neutral functional-differential
equations and applications, J. Math. Anal. Appl. 327 (2) (2007) 776–791.
[5] K.J. Engel, R. Nagel, One-parameter semigroups for linear evolution equations, in: Graduate Texts in Mathematics, Springer-Verlag, 2001, p. 194.
[6] G. Da Prato, E. Sinestrari, Differential operators with non dense domain, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 14 (2) (1989) 285–344.
[7] G. Da Prato, P. Grisvard, On extrapolation spaces, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 72 (6) (1982) 330–332.
[8] R. Nagel, E. Sinestrari, Inhomogeneous Volterra Integrodifferential Equations for Hille–Yosida Operators, in: Lectures Notes Pure Appl. Math., Marcel
Dekker, 1994, p. 150.
